(Received 24 February 1997) For a number of high-T c cuprates it has been observed that the resistive transition reveals an upper critical field with increasingly negative gradient on cooling. However, the l point of the specific heat scarcely shifts with applied magnetic field. Either phenomenon is highly unusual in itself, but also appears to be irreconcilable with one another under the BCS framework. This Letter offers an explanation of the observed phenomena on the basis of the bipolaron theory. There are several strikingly universal properties of high-T c cuprates, in particular, their critical phenomena. It has been established beyond doubt [1] that in high-T c superconductors the anomaly in the specific heat spreads to about jT 2 T c j͞T c ϳ 0.1 or larger. The estimations with the canonical Gaussian fluctuations yield an unusually small coherence volume, comparable or even less than the unit cell volume [2] . That means that the overlap of pairs is small. Another striking critical phenomenon of cuprates is their unusually high values of the upper critical field, and its temperature dependence. In many superconducting oxides, including the cubic ones, an upward curvature of H c2 ͑T͒ has been observed ( [3] [4] [5] [6] [7] [8] and references therein). There have been several attempts to explain the divergent resistive H c2 ͑T ͒ on cooling (see, for example, [7] and [9] ). However, only the small bipolaron theory [10] with pairs preformed above T c has successfully predicted this phenomenon [11] . Further evidence for the charged 2e Bose liquid was provided by the quantitative mapping of the specific heat of several high-T c cuprates in zero magnetic field to the l curve of He 4 [12] . Also the in-plane and c axes transport as well as the normal state gap observed in the NMR [13] , the infrared reflectivity [14] , and the angle-resolved photoemission [15] , all find a satisfactory explanation in the preformed boson model [16 -19] .
In this Letter, by applying the Alexandrov-Mott theory [10] , we explain a startling behavior of the thermodynamic phase transition in a magnetic field [1, [20] [21] [22] contrasting with the resistive transition [3] [4] [5] [6] [7] [8] . Our approach to the critical phenomena of high-T c superconductors emphasizes their striking universality being independent of the coupling mechanism and the symmetry of the order parameter.
In a BCS superconductor there is a well defined step in the specific heat at the transition temperature; this transition temperature tracks the sharp resistive transition in all magnetic fields. For most high-T c cuprates in zero magnetic field, there is also a well defined l type peak in the specific heat at the resistive transition temperature.
However, as shown in the comprehensive experimental study by Junod et al. [20] and by several other groups [1, 21, 22] the effect of magnetic field on the specific heat anomaly is to reduce the peak height but leave its position largely unchanged. The peak in specific heat is usually associated with critical fluctuations. This view point is reinforced when the behavior is compared with that of liquid helium-4 [12] . On the other hand, the resistive transition shows practically parallel shift towards lower temperatures in the Lorentz-force free geometry [7] . Consequently in high-T c cuprates, the resistive behavior does not correspond to that of the specific heat, except for zero magnetic field. Moreover, applying the canonical fluctuation theory based on the Ginsburg-Landau (GL) free energy one arrives at a quite meaningless value of the zero temperature coherence length, which appears to be of the same order as the wavelength of holes or even less, hence invalidating the main assumption of the GL and BCS theory [23] .
We argue that the superfluid transition temperature in cuprates is given by the resistive measurements and that the specific heat anomaly owes its origin to some other phenomenon. In the theory of critical phenomena the peak in the specific heat is associated with the diverging correlation length as the transition is approached. With the introduction of a magnetic field some of the long range order is suppressed; this reduces the superfluid transition temperature as measured by resistivity. The specific heat anomaly, however, remains largely unaffected by the magnetic field as it is governed by short range effects (see also discussion in Ref. [22] ). Only the peak height is reduced because of the suppression of the long range order by the magnetic field. We therefore regard the specific heat anomaly as mainly due to short range fluctuations, and the temperature at which these occur practically unaffected by the application of a magnetic field.
In the following we show that a weakly interacting charged Bose gas (CBG) in a magnetic field has precisely the property which reproduces both the specific heat and the resistive transition of cuprates. In a Bose system the 0031-9007͞97͞79(8)͞1551(4)$10.00 value of the chemical potential is governed by the total density sum rule,
where r͑e͒ is the density of states and f͑e͒ is the Bose-Einstein distribution function,
The specific heat can be calculated from the derivative of the energy,
The result is
where
We note that the specific heat calculated from Eq. (4) is invariant to a shift in the energy, e ! e 1 e 0 , as it should be ͑h c k B 1͒.
For a system of ideal bosons in 3 dimensions the density of states (DOS) is given by
where m ͑m 2 ab m c ͒ 1͞3 with m ab and m c being the inplane and c-axis effective masses, respectively. With magnetic field perpendicular to the planes the bosons are quantized into Landau levels with the associated DOS,
where v H 2eH͞m ab is the cyclotron frequency. The difference between the effect of the magnetic field on resistivity and on the specific heat becomes transparent if we calculate the specific heat in the presence of the magnetic field. For an ideal CBG the Landau energy levels are essentially one dimensional. Thus there is no Bose-Einstein condensation in a magnetic field [24] , and the resistive transition is immediately suppressed such that T c ͑H͒ 0 for all H. We deliberately retain the features of the noninteracting charged Bose gas which prevents Bose-Einstein condensation to investigate the behavior of the specific heat in the absence of a condensate. This is to test our premise that the specific heat in a finite magnetic field is unrelated to the condensate formation.
As can be seen from Eq. (4) the form of the specific heat depends on various integrals over the density of states. The main weight of these integrals sits on either the upper or lower limit, depending on the exponent in e x . We are considering the limit of high temperatures, so T ¿ v H . Only the lowest Landau level can produce a divergent integral (for m ! v H ͞2), the effect of all the other Landau levels is much less sensitive to the DOS shape. Nevertheless, to be precise we perform the numerical calculations of the chemical potential m, Eq. (1), and the specific heat, Eq. (5), with the exact DOS, Eq. (7) . The results for several relative values of the magnetic field are presented in Figs. 1 and 2 . The characteristic temperature at which the chemical potential changes its slope remains about T c0 3.31n 2͞3 B ͞m as long as v H ø T c0 . Only in a very strong field, v H Ӎ T c0 , Fig. 1 , this characteristic temperature shifts appreciably towards zero. Therefore, the position of the specific heat anomaly remains largely unaffected by the moderate magnetic field, Fig. 2 . The suppression of the maximum value of C͑T, H͒ goes as the square root of the magnetic field, thus even a moderate magnetic field can produce a sizable change in the value of the specific heat at T T c0 without any appreciable change in the peak position. Both results reproduce fairly well the experimental data by Junod et al. [20] . On a quantitative level one can compare the theoretical change in the specific heat C͑T , H͒ 2 C͑T , H 1 ͒ with the experimental one thus eliminating all field-independent contributions, e.g., the lattice specific heat. A parameterfree fit to the experimental data for Hg-1223 [21] is shown in Fig. 3 with H 1 7T and the in-plane bipolaron mass m ab 17.1m e . The effective mass and the number of bosons n B affect only the absolute values of C͑T , H͒ 2 C͑T, H 1 ͒ and C͑T, H͒ with a little effect on the anomaly shape [25]. One could hardly expect that our simple model would be able to describe quantitatively the critical fluctuation effects which are responsible for the shape of the specific heat near the l point. Nevertheless, the result is that the theoretical shape agrees well with the experimental evidence, Fig. 3 . Hence the weakly interacting CBG appears to be a fair approximation for the ground state of high-T c cuprates. We believe that a large lattice polarizability of the cuprates weakens the Coulomb repulsion between bosons. As a result its dimensional strength r s 16pe 2 m͞e 0 ͑4pn B ͞3͒ 1͞3 becomes of the order of unity or less even for heavy carriers due to a very large static dielectric constant e 0 ¿ 1. In that case our theory becomes exact taking into account all quantum as well as the thermodynamic fluctuations [23] . A broadening of the Landau levels due to scattering has only a little effect on the specific heat anomaly. As an example, in the extreme case of a very large broadening one can choose a hybrid form of the zero and finite field DOS preserving the singular nature of the lowest Landau level as the only effect of the magnetic field,
where we have used the invariance of Eq. (4) to shift the zero of energy by v H ͞2. If this form of DOS is FIG. 3 . Change in the specific heat of CBG with an applied magnetic field (different lines correspond to H 0, 0.52T and 2T, respectively) compared with the experiment [21] for Hg-1223.
used to numerically calculate the specific heat, all results including the shape of the anomaly remain practically unchanged.
On the other hand, the theory of the Bose-Einstein condensation of CBG yields a significant change of the condensation temperature in a magnetic field if T c t ¿ 1, where t is the scattering time for zero energy excitations. Without any broadening of the Landau levels T c drops to zero at any magnetic field as mentioned above. If the collision broadening of the Landau levels is taken into account, the resistive critical field is determined as [11] H c2 ͑T ͒ H d ͑t 21 
where H d ϳ 1͑͞T c t͒ 1͞2 is a constant and t T ͞T c0 . This equation fits well several independent resistivity measurements [6] [7] [8] 19 ].
In conclusion, we have discussed the effect of the magnetic field on the specific heat of high-T c cuprates contrasting with that on the resistive transition. We have presented a reasoned argument that the specific heat anomaly which is observed in finite fields is, in fact, not the result of a superconducting phase transition. To substantiate our claim we have calculated the specific heat for a noninteracting charged Bose gas in a magnetic field. In this system there is no Bose condensation in a magnetic field, and yet there is still the characteristic maximum in the specific heat. We believe that the present study provided a good qualitative understanding of the startling experimental result [1, [20] [21] [22] . We obtained a quantitative fit of our simplified model of weakly interacting charged bosons to the experimental shape. We explained this fact by the robustness of the calculated specific heat to the broadening of the Landau levels. The specific heat anomaly owes its origin to a sharp change in the temperature dependence of the chemical potential near T c0 , Fig. 1 , which is a feature of any Bose liquid irrespective of the interaction strength. A similarity between the specific heat of cuprates in a magnetic field and that of He 4 films on Vycor with the different coverage supports our conclusion.
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